Abstract. Given a triple (G W ) of an open bounded set G in the complex plane, a weight function W(z) which is analytic and di erent from zero in G, and a number with 0 1, we consider the problem of locally uniform rational approximation of any function f(z), which i s a n a l y t i c i n G, b y w eighted rational functions fW mi+ni (z)R mi ni (z)g 1 i=0 , where R mi ni (z) = P mi (z)=Q ni (z) with deg P mi m i and deg Q ni n i for all i 0 and where m i + n i ! 1 as i ! 1 such t h a t lim i!1 m i = m i + n i ] = . Our main result is a necessary and su cient condition for such a n a p p r o ximation to be valid. Applications of the result to various classical weights are also included.
Introduction and General Results.
In this paper, we shall develop the ideas of 11] and apply them to the study of the approximation of analytic where all norms throughout this paper are the uniform (Chebyshev) norms on the indicated sets.
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Given a triple (G W ), as in (1.1) which satis es the conditions of (1.2), we state below our main result, Theorem 1.1, which gives a characterization, in terms of potential theory, for the triple (G W ) to have the rational approximation property. Also, let M(E) be the set of all positive unit Borel measures on I C which are supported on a compact set E, i.e., for any 2 M (E), we h a ve (I C) = 1 and supp E. Also, @ Gdenotes the boundary of the set G, and the logarithmic potential of an arbitrary compactly supported signed measure is de ned (see Tsuji 18, p Furthermore, let a Jordan decomposition of the signed m e asure satisfying (1.7) and (1.8), b e given by = + ; ; (1.10) where + and ; are p ositive measures with supp + supp ; @ G and (supp + \ supp ; ) = 0 : (1.11) Then, the triple (G W ) has the rational approximation property (1.3) if and only if + (I C) : (1.12) If (1.9) or (1.12) holds true for a signed m e asure satisfying (1.7) and (1.8), t h e n (G W ) = and F(G W ) = F:
The study of weighted rational approximation has recently been introduced in papers by Borwein Furthermore, if of (2.4) satis es (2.5), t h e n (see Theorem 1.1) (G W ) = : (2.6) We p o i n t out that the harmonic measure !(1 ) (de ned in Nevanlinna 8] or Tsuji 18] ) is the same as the equilibrium distribution measure for G in the sense of classical logarithmic potential theory 18]. For the notion of balayage of a measure, we refer the reader to Chapter IV of Landkof 6] or Section II.4 of Sa and Totik 13] .
In the following series of subsections, we consider various classical weight functions and we nd their corresponding signed measures, associated with the weighted rational approximation problem in G, a s g i v en
in Theorem 1.1.
Incomplete Rationals.
With IN 0 and IN denoting respectively the sets of nonnegative and positive i n tegers, the incomplete polynomials of Lorentz 7] are a sequence of polynomials of the form
where it is assumed that lim i!1 m(i) n(i) =: , where > 0 is a real number. The question of the possibility o f the approximation of functions by incomplete polynomials is closely connected to that of the approximation of functions by t h e w eighted polynomials fz n P n (z)g 1 n=0 deg P n n: (2.8) The approximation question for the incomplete polynomials of (2.7) was completely settled, by Sa and Varga 14] and by v . Golitschek 4] , for the real interval 0 1] (see Totik 17] In special cases where the geometric shape of G is given explicitly, it is possible to determine the explicit form of the signed measure in (2.10). As a simple example, we consider below the special case of a disk and 
Exponential Weight.
Consider the weight function W(z) : = e ;z z 2 I C: (2.13) This section is devoted to the study of weighted rational approximation, with respect to the exponential weight of (2.13), in disks centered at the origin and in certain domains, arising in connection with Pad e approximations of the exponential function. Our next result treats the case of disks. We remark that the solution, r max ( ) of (2.15), can be veri ed to be symmetric about = 1 2 , as a function of in the interval 0 1].
Next, we again consider the weight function W(z) := e ;z of (2.13), but we now consider the triple (G e ;z ), where G , a generalized S z e g} o domain, is de ned below. To begin, rst assume that 0 < < 1. Its boundary, @ G , i s a w ell-de ned Jordan curve w h i c h l i e s i n terior to the unit disk, except for its points z of (2.17) . This is shown in Figure 2 We n o w h a ve all the necessary de nitions for the statement of our next result.
Theorem 2.6 For any with 0 1, l e t G be the domain of (2.22), and let W(z) = e ;z be the weight function of (2.13). Then, the triple (G e ;z ) has the rational approximation property (1.3).
To conclude this section, we n o t e t h a t , except for the nal result of Theorem 2.6, all preceding results stated in Sections 1 and 2 are of the \if and only if" type, i.e., these results are by de nition sharp. The result of Theorem 2.6, however, leaves open the possibility that for a given with 0 1, there could be a larger domain H, with G H, s u c h that the triple (H e ;z ) has the rational approximation property (1.3), but we strongly doubt this.
Also of general interest is the extension of the results of this paper to triples (G W ) of (1.1), where one has the sharpened rational approximation property, that is, for any f(z), analytic in G and continuous in G, there is a sequence of rational functions fR mi ni g 1 i=0 satisfying (1.3i), such t h a t lim i!1 f ; W mi+ni R mi ni G = 0 :
For the essentially polynomial case of = 0 a n d W(z) : = e ;z , this is treated in part in 10, Theorem 3.2].
Some general results in weighted polynomial approximation on compact sets are obtained in 9]. To our knowledge, general results on the sharpened rational approximation property h a ve n o t a s y et been treated in the literature.
3 Proofs of Results of Section 1.
Proof of Theorem 1.1. Assuming that a signed measure (G W ) exists and satis es the conditions (1.5) and (1.6) of Theorem 1.1, we rst prove that the triple (G W ) has the rational approximation property On simply setting n m := 0 and Q nm (z) := 1, the sequence of rational functions fR m nm (z) : = P m (z)=Q nm (z) = P m (z)g 1 m=0 clearly satis es (1.3i) with = 1, and (3.1) shows that (1.3ii) is also valid, i.e., the triple (G W 1) has the rational approximation property. Case = 0 . Let f(z) b e a n y function analytic in G. If f(z) 0 i n G, it su ces to de ne the sequence fR 0 n (z) : = P 0 (z)=Q n (z)g 1 n=0 , where P 0 (z) 0, i.e., deg P 0 = 0, and for each n 0, deg Q n n. Clearly, (1.3i) is satis ed with = 0, and (1.3ii) is trivially satis ed for any compact subset E of G. If f(z) = 0 i n G, then for any g i v en compact subset E of G f(z) has only a nite number of zeros, say fz k (E)g m k=1 , i n E, where m = m(E) i s a xed nonnegative i n teger depending on E. Then, we can write
where g(z) is analytic and nonzero in E. Consequently, 1 =g(z) is also analytic in E.
In this case = 0 , h ypothesis (1.5) implies that (G W 0) = ; ; (G W 0), where ; (G W 0) 2 M (@ G ), and similarly, h ypothesis (1.6) implies, with the de nition of (1.4), that U ; (G W 0) (z) ; log 1 jW(z)j = ;F(G W 0) for any z 2 G:
Because of the form of (3.3), it follows from Theorem 1.1 of 11] that the pair (G 1=W ) now has the polynomial approximation property, and this can be applied to the analytic function 1=g(z) on E. Thus, there is a sequence of polynomials fQ n (z)g 1 n=0 , w i t h d e g Q n n for all n 0, such that W n E = 0 :
Since fQ n (z)=W n (z)g 1 n=0 tends uniformly to 1=g(z) o n E, it follows from Hurwitz's Theorem that Q n (z) h a s n o z e r o i n E, f o r , s a y, a l l n N 0 . Moreover, it also follows from (3.4) that lim n!1 g ; W n
Q n E = 0 :
Hence, using (3.2), we h a ve
Q n (z) and as m = m(E) is a xed integer, (3.5) gives us that lim n!1 f ; W m+n P m =Q n E = 0 : (3.6) Thus, (1.3i) is satis ed with = 0 and (3.6) shows that (1.3ii) is also satis ed, i.e., the triple (G W 0) has the rational approximation property. C is a compact set, is a weak*-limit of discrete measures Hence, the sequence fW mi+ni (z)P mi (z)=Q ni (z)g 1 i=0 converges (geometrically) to f(z), uniformly on E, a n d the sequence of rational functions fR mi ni (z) : = P mi (z)= Q ni (z)g 1 i=0 satis es (1.3i) and (1.3ii), i.e., (G W ) has the rational approximation property. This completes the rst part of the proof of Theorem 1.1. Now, suppose that a triple (G W ) satisfying the conditions of (1.2), has the rational approximation property (1.3). To s h o w that a signed measure (G W ), satisfying the conditions of Theorem 1.1, exists, let fP mi (z)=Q ni (z)g 1 i=0 be a sequence of rational functions such that W mi+ni (z)P mi (z)=Q ni (z) converges to the particular function f(z) 1 Concerning Remark 1.5, one can easily see that the second part of proof of Theorem 1.1 holds without change for any xed f(z) which is analytic and is not equal identically to 0 in G: 2 Proof of Theorem 2.6. To b e g i n , f o r a n y p a i r ( m n) of nonnegative i n tegers, the (m n)-th Pad e rational approximation to e z is the rational function R m n (z) = P m n (z) Q m n (z) On the other hand, the expression in (4.25) is clearly zero for z = 0 for every j 0, which is ultimately what is needed in our quest in Theorem 2.6 to show that f(z) 1 can be uniformly approximated, on compact subsets of G , b y t h e w eighted rational functions e ;(mj+nj)z R mj nj ((m j + n j )z).) To summarize, for 0 < < 1 and for any z 2 I Cn(IR f 0g) t + j (z) and t ; j (z) are distinct saddle points (of order one) of h j (t), for all j su ciently large, andt (z) are distinct saddle points (of order one) ofĥ (t). (We remark that the functions g j (z) in (4.32) require analogous cuts IR j in the z-plane, where in (2.18), the numbers z of (2.17) are replaced by z j := expf i arccos ( mj;nj mj+nj )g for all j su ciently large.)
Making use of the fact that h 0 j (t j (z)) = 0 and that h 00 j (t j (z)) 6 = 0, for all su ciently large j, Im h j (t) = I m h j (t j (z)) and Re h j (t) < Re h j (t j (z)) for t 6 = t j (z): These descent paths, from (4.24), can have e n d p o i n ts only at t = 0 t = ;z, o r t = 1. More speci cally, we note that for z small and not zero, it can be veri ed that a descent path through t ; j (z) necessarily has endpoints t = 0 a n d t = ;z. For the descent path through t + j (z), one endpoint i s a t t = 1, but the other endpoint can be either t = 0 o r t = ;z. To s h o w that both of these cases can occur, consider the following two cases: Case 1: z > 0 a n d z small. The steepest descent path through t + j (z) in this case is that interval of the real axis which extends to the endpoints t = 0 a n d t = 1, as shown below in Figure 3 , where the arrows indicate the direction of increasing Re h j (t) along these paths. Case 2: z < 0 and small. The steepest descent path through t + j (z) i s t h a t i n terval of the real axis which extends to the endpoints t = ;z and t = 1, a s s h o wn below in Figure 4 , where the arrows again indicate the direction of increasing Re h j (t) along these paths.
We n o t e , i n C a s e 1 , t h a t o n i n tegrating from t = ;z to t = 1, as is necessary for the denominator integral of (4.25), we pass through two saddle points, so that the asymptotic evaluation of this integral involves both contributions I j (z) from (4.35). In this case (and in all cases where the integration path, from t = ;z to t = 1, through t + j (z) passes through both saddle points t j ), the expression in (4.25) is of the form (cf. as j ! 1 , uniformly on any compact subset of I Cn(IR j f 0g). But, 1=N j (z) and 1=N (z) are both analytic in jzj 1 ( c f . 3, Lemma 1]) and since 1=N j (z) converges to 1=N (z) as j ! 1, then 1=N j (z) is locally uniformly bounded in jzj 1. Thus, consider any compact set E in G . As this compact E is contained in some level curve ; := fz 2 I C : jw (z)j = < 1g of G , f o r su ciently close to unity, then on this set, it is evident that w j (z) ! w (z), as j ! 1 , where jw (z)j < 1. Recalling that R mj nj ((m j + n j )z) h a s no zeros or poles in G for any j su ciently large, then the function 1 ; e ;(mj+nj)z R mj nj ((m j + n j )z) i s then analytic in E for all j su ciently large, and its maximum modulus on E, in either Case 1 or Case 2 of 
